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Abstract 

Let T be an M-tree with a very small action of a free group F/v 
which has dense orbits. Such a tree T or its metric completion T are 
not locally compact. However, if one adds the Gromov boundary dT to 
T, then there is a coarser observers' topology on the union TUdT, and 
it is shown here that this union, provided with the observers' topology, 
is a compact space T°^^. 

To any M-tree T as above a dual lamination L'^{T) has been associ- 
ated in [CHLII| . Here we prove that, if two such trees Tq and Ti have 
the same dual lamination L'^{Tq) = L^(Ti), then with respect to the 
observers' topology the two trees have homeomorphic compactifica- 
tions: Tq^^ = T°^^. Furthermore, if both Tq and Ti, say with metrics 
do and di respectively, are minimal, this homeomorphism restricts to 
an i<jv-equivariant bijection Tq —>■ Ti, so that on the identified set 
To = Ti one obtains a well defined family of metrics Xdi + (1 — X)do. 
We show that for all A G [0, 1] the resulting metric space T\ is an 
M-tree. 



Introduction 

Geodesic laminations £ on a hyperbolic surface S are a central and much 
studied object in Teichmiiller theory. A particularily interesting and some- 
times disturbing fact is that there exist minimal (arational) geodesic lami- 
nations that can carry two projectively distinct transverse measures. Such 
minimal non-uniquely ergodic laminations were first discovered by W. Veech 
Vee69| and by H. Keynes and D. Newton |KN76| . 
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The lift £ of a geodesic lamination £, provided with a transverse mea- 
sure /i, to the universal covering of the surface S gives rise to a canonical 
dualM-tree T^^ which has as points the leaves of Z and their complementary 
components. The metric on is given by the lift of the transverse measure 
/i to £, and the action of TriS" on S* C EI induces an action on by isome- 
trics. We assume that S has at least one boundary component, so that the 
fundamental group of 5 is a free group niS = of finite rank N > 2. For 
more details see |Mor86[ [Shi87ll(]HLIIj . 

Distinct measures /z and /i' on £ give rise to dual M-trees which are 
not F/v-equivariantly isometric. However, the fact that the two measures 
are carried by the same geodesic lamination £ is sometimes paraphrased by 
asserting that topologically the two trees and T^/ are "the same". We will 
see below to what extend such a statement is justified. 

In the broader context of very small actions of F/v on M-trees one can ask 
whether the analogous phenomenon can occur for an R-tree T which is not 
a surface tree, i.e. it does not arise from the above construction as dual tree 
to some measured lamination on a surface S with niS = F/y. An interest- 
ing such example can be found in the Ph.D. -thesis of M. Bestvina's student 
R. Martin |Mar95| . A gain, in his example there is a kind of underlying "geo- 
metric lamination" which is invariant for different metrics on the "dual tree": 
the novelty in R. Martin's example is that the lamination (or rather, in his 
case, the foliation,) is given on a finite 2-complex which is not homeomorphic 
to a surface. Such actions have played an important role in E. Rips' proof of 
the Shalen conjecture: they have been termed geometric by G. Levitt, and 
Levitt or thin by others (the latter terminology being more specific in that it 
excludes for example surface trees). They represent, however, by no means 
the general case of a very small F/v-action on an M-tree, (see |GL95l [Bes02| ). 

In a series of preceding papers [CHLIl ICHLIIl ICHLIII] the tools have 
been developed to generalize the above two special situations ("surface" and 
"thin") sketched above. 

As usual, 9F/V denotes the Gromov boundary of F/v and, 5^F/v = (5F/v)^\ 
A is the double boundary, where A is the diagonal. An algebraic lamination 
is a non-empty closed, F/v-invariant, fiip-invariant subset of 9^ F/v (see Defi- 
nition [221) • This definition mimicks the set of pairs of endpoints associated 
to any leaf in the lift £ of a lamination £ C 5" as above. 

To any M-tree T with an isometric F/y-action we associate a dual algebraic 



2 



lamination L'^{T) (without measure), which is defined as limit of conjugacy 
classes in with translation length in T tending to 0. Moreover, if T is 
minimal and has dense orbits, two other equivalent definitions of L'^iT) have 
been given in [CHLIIj . 

In this paper, we use the definition based on the map Q introduced in 
LL03| : Q is an F/v-equivariant map from dFjsi onto T = T U 9T, where T is 
the metric completion of T, and dT its Gromov boundary. Details are given 
in §2 below. The dual algebraic lamination of T is the set of pairs of distinct 
boundary points which "converge" in T to the same point Q{X) = Q{X'). 
In particular, in the above discussed case of a surface tree T = T^, the dual 
algebraic lamination L'^iT) can be derived directly from the given geodesic 
lamination £, and conversely. 

The map Q is a strong and useful tool in many circumstances, for example 
in the proof of our main result: 

Theorem I. Let Tq and Ti he two M-trees with very small minimal actions 
ofF]^, with dense orbits. Then the following two statements are equivalent: 

(1) L\T,) = L\J\). 

(2) The spaces Tq and Ti, both equipped with the observers' topology, are 
Fn -equivariantly homeomorphic. 

Moreover, the homeomorphism of (2) restricts to an F^-equivariant bi- 
jection between Tq and Ti . 

The observers' topology on the union T = T U dT is introduced and 
studied in §1 below. It is weaker than the topology induced on T by the 
M-tree's metric, but it agrees with the latter on segments and also on finite 
subtrees. The difference between the two topologies is best illustrated by 
considering an infinite "multi-pod" T°°, i.e. a tree which consists of a central 
point Q and infinitely many intervals [Pj, Q] isometric to [0, 1] C M attached 
to Q. Any sequence of points Qi G [Pi, Q) converges to Q in the observers' 
topology, while in the metric topology one needs to require in addition that 
the distance d{Pi, Q) tends to 0. In comparison, recall that in the cellular 
topology (i.e. interpreted as CW-complex) no such sequence converges. 

In the case of a surface S with a marking ttiS' = F/v, there are several 
models for the Teichmiiller space T{S) and its Thurston boundary dT{S). 
Either it can be viewed as a subspace of PM^^ , through the lengths of closed 
geodesies on the surface S", equipped with a hyperbolic structure (that varies 
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when one moves within T{S)). In a second model, the boundary dT{S) can 
be viewed as the space of projective measured geodesic laminations. Going 
from the second model to the first one is achieved through considering "degen- 
erated hyperbolic length functions", each given by integrating the transverse 
measure on a geodesic lamination £ once around any given closed geodesic. 
Alternatively, this amounts to considering the translation length function of 
the M-tree dual to the measure lamination (ii, yu), see |Mor86| . 

We point out that dT{S) is not a convex subset of PM''^^. However, the 
set of projective classes of tranverse measures on a given minimal (arational) 
geodesic lamination £ is a finite dimensional simplex A(£). The extremal 
points of A(£) are precisely the ergodic measures on £. 

In striking analogy to Teichmiiller space and its Thurston boundary, for 
the free group a "cousin space" CVat has been created by M. Culler and 
K. Vogtmann |CV86| . The points of this Outer space CVat or its boundary 
dew N are precisely given by all non-trivial minimal M-trees, provided with 
a very small FAr-action by isometrics, up to F/v-equivariant homothety (see 
CL95) V 

Just as described above for dT{S), there is a canonical embedding of 
CVat = CVat U OCVn into PM^^, which associates to any homothety class [T] 
of such an R-tree T the projective "vector" of translation lengths ||w||t, for all 
w G Fn- (For more detail and background see |Vog02| .) Hence, for any two 
homothety classes of trees [Tq], [Ti] G CVtv, there is a line segment [To,Ti] C 
IR-^Jv -v^rhich is given by the set of convex combinations of the corresponding 
translation length functions. Again CVat is not a convex subspace of PM^'^: 
In general, these convex combinations are not length functions that come 
from R-trees, and hence the projective image of this line segment does not 
lie inside CVat. However, we prove: 

Theorem II. Let Tq and Ti be two minimal W-trees with very small actions 
of F]^, with dense orbits. Then statement (1) or (2) of Theorem I implies: 

(3) The projectivized image of the segment [To,Ti] C R^^ of convex combi- 
nations ofTo andTi is contained in CVn- 

Our results raise the question of what actually a "non-uniquely ergodic" 
M-tree is. Indeed, even this very terminology has to be seriously questioned. 

In the case of trees that are dual to a non-uniquely ergodic surface lam- 
ination, distinct measures on the lamination give rise to metrically distinct 
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trees. For the general kind of M-trees T that represent a point in SCVat, how- 
ever, an invariant measure n on the dual algebraic lamination L'^{T) (called 
in this case a current, see |Ka06| ) is not directly related to the metric d on 
T, but much rather defines a dual (pseudo-)metric c?^ on T. It has been 
shown in |CHLIII| that in general is projectively quite diff'erent from the 
original metric d. Hence we insist on the importance of making a clear dis- 
tinction between on the one hand trees with dual algebraic lamination that is 
non-uniquely ergodic (in the sense that it supports two projectively distinct 
currents) and on the other hand the phenomenon considered in this paper 
(see Theorem I). We suggest the following terminology: 

Let T be an R-tree with a minimal F/y-action with dense orbits. T (or 
rather T"^^) is called non-uniquely ergometric if there exists a projectively 
different FAr-invariant metric on T such that the two observers' topologies 
coincide. 

Prospective: The work presented in this paper is primarily meant as an an- 
swer to a natural question issuing from our previous work |CHLIl ICHLIIi 
ICHLIII] . namely: "To what extend does the dual algebraic lamination L^(T) 
determine T ?" We also hope that this paper is a starting point for a new con- 
ceptual study of non-unique ergodicity (or rather: "non-unique ergometric- 
ity") for M-trees with isometric FAr-action. A first treatment of this subject, 
purely in the spirit of property (3) of Theorem II above, has been given in 
§5 of |GuiOO| (compare also |Pau95| ). We believe, however, that there are 
several additional, rather subtle topics, which also ought to be adressed in 
such a study, but which do not really concern the main purpose of this paper. 
To put our paper in the proper mathematical context, the authors would like 
to note: 

(1) The natural question, whether the homeomorphism from part (2) of The- 
orem I does extend to an FAr-equivariant homeomorphism Tq Ti with 
respect to the metric topology, has a negative answer. Even non-uniquely er- 
godic surface laminations give already rise to counterexamples (see |CHLL| ). 

(2) There are interesting recent results of V. Guirardel and G. Levitt (see 
|GL| ) regarding the converse (under adapted hypotheses) of the implication 
given in our Theorem II above. 

(3) There have been several attempts to introduce "tree-like structures" by 
purely topological or combinatorial means, which generalize (or are weaker 
than) M-trees viewed as topological spaces. In particular we would like to 
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point the reader's attention to the work of B. Bowditch |Bow99| and that 
of J. Mayer, J. Nikiel and N. Oversteegen |MN092| . who also consider com- 
pactified trees. The observers' topology seems to be a special case of what 
they call a "real tree", and hence our compactification T°^^ is what they call 
a "dendron". 

(4) In the recent book |FJ04| by C. Favre and M. Jonsson one finds again 
the observers' topology under the name of "weak topology", introduced for 
a rather different purpose, namely to study the tree of valuations for the 
algebra C[[x, y]]. Some of the material of our section 1 can be found in |FJ04| 
or already in |MN092| . but translating the references into our terms would 
be more tedious and less comfortable for the reader than an independent 
presentation with a few short proofs as provided here. 

Acknowledgements: This paper originates from a workshop organized at 
the CIRM in April 05, and it has greatly benefited from the discussions started 
there and continued around the weekly Marseille seminar "Teichmiiller" (both 
partially supported by the FRUMAM). We would in particular like to thank 
Vincent Guirardel for having pointed out to us the continuity of the map Q 
with respect to the observers' topology. 

1 The observers' topology on an M-tree 

Let (M, d) denote a space M provided with a metric d. The space M is called 
geodesic if any two points x,y E M are joined by an arc [x, y] C M, and this 
arc is geodesic: it is isometric to the interval [0, d{x, y)] C M. (Recall that 
an arc is a topological space homeomorphic to a closed interval in R, and an 
arc joins points x and y if the homeomorphism takes the boundary points of 
the interval to {x,y}.) 

The following remarkable class of metric spaces has been introduced by 
M. Gromov (compare |GdlH90| ): 

Definition 1.1. A metric space {M,d) is called S-hyperbolic, with 5 > 0, if 
for any 4 points x,y,z,w G M one has {x,z)w > mm{{x,y)w, {y, z)^} — S, 
where (x, z)^ = ^{d{w, x) + d{w, z) — d{x, z)). 

Consider three not necessarily distinct points Pi, P2, P3 G M. We say 
that Q G M is a center of these three points if for any i ^ j one has 
d{P,,P,)=d{P,,Q)+d{P„Q). 
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Definition 1.2. An R-^ree T is a metric space which is 0-hyperbolic and 
geodesic. 

Alternatively, a metric space T is an M-tree if and only if any two points 
P,QeT are joined by a unique arc [P, Q] C T, and this arc is geodesic. 
We derive directly from the definitions: 

Lemma 1.3. In every M.-tree T any triple of points P,Q,R & T possesses a 
unique center Z E T . For any further point W E T the point Z is also the 
center of the triple W, P, Q if and only if one has: 

{P,Q)w>raeix{{P,R)w,iQ,R)w}. □ 

For any M-tree T we denote by T the metric completion, by dT the 
(Gromov) boundary, and by T the union T U dT. A point of dT is given 
by a ray p in T, i.e. an isometric embedding p : R>o — > T. Two rays p, 
p' determine the same point [p] of dT if and only if their images im(p) and 
im(p') differ only in a compact subset of T. 

The metric on T extends canonically to T, and it defines canonically a 
topology on T (called below the metric topology) : A neighborhood basis of a 
point [p] is given by the set of connected components of T \ {P} that have 
non-compact intersection with im(p), for any point P E T. We note that in 
general T is not compact. 

The metric completion T is also an M-tree. For any two points P, Q in T, 
the unique closed geodesic arc [P, Q] is called a segment. If P or Q or both 
are in dT, then [P, Q] denotes the (bi)infinite geodesic arc in T joining P to 
Q, including the Gromov boundary point P or Q. 

A point P in T is an extremal point if T^{P} is connected, or equivalently, 
if P does not belongs to the interior [Q, R] \ {Q, R} of any geodesic segment 
[Q,R]. Note that every point of dT is extremal, and so is every point of 

o 

T \ T. We denote by T the set T without its extremal points, and call it the 

o 

interior tree associated to T. Clearly T is connected and hence an M-tree. 

For two distinct points P,Q of T we define the direction dirp{Q) of Q at 
P as the connected component of T \ {P} which contains Q. 

Definition 1.4. On the tree T we define the observers' topology as the topol- 
ogy generated (in the sense of a subbasis) by the set of directions in T. We 
denote the set T provided with the observers' topology by T°^^. 
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As every direction is an open subset of T (i.e. with respect to the metric 
topology), the observers' topology is weaker (= coarser) than the metric 
topology. The identity map T T°^^ is continuous, and isometrics of T 
induce homeomorphisms on T°^^. 

The observers' topology has some tricky sides to it which contradict ge- 
ometric intuition. For further reference we note the following facts which 
follow directly from the definitions: 

(a) An open ball in T is in general not open in T°^^. 

(b) Every closed ball in T is closed in T°^^. Note that closed balls are in 
general not compact in T, but, as will be shown below, they are compact in 

(c) An infinite sequence of points "turning around" a branch point P (i.e. 
staying in every direction at P only for a finite time) converges in T°^^ to P. 

This last property justifies the name of this new topology, which was 
suggested by V. Guirardel: The topology measures only what can be seen 
by any set of observers that are placed somewhere in the tree. We note as 
direct consequence of the above definitions: 

Remark 1.5. The restriction of the observers' topology and the restriction 
of the metric topology agree on dT. Moreover, the two topologies agree on 
any finite subtree (= the convex hull of a finite number of points) of T. 

Lemma 1.6. T"*"* is connected and locally arcwise connected. 

Proof. As the observer topology is weaker than the metric topolo^-, any path 
for the metric topology is a path for the observers' topology. As T is arcwise 
(and locally arcwise) connected, it follows that T°^^ is arcwise connected, and 
that elementary open sets (= finite intersections of directions) are arcwise 
connected. □ 

Proposition 1.7. T and T"''^ have exactly the same connected subsets. All 
of them are arcwise connected for both topologies. 

Proof. A connected subset of T is arcwise connected, and therefore it is also 
arcwise connected in the observers' topology. 

Let C be a connected subset of T"*^**, and assume that it is not connected 
in the metric topology. Then it is not convex, and hence there exists points 
Q and i? in C as well as a point P in [Q, R] which is not contained in C. Now 
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U = d\rp{Q) and V = T°^^ \ (divp^Q) U {P}) are two disjoint open sets that 
cover C, with Q E U nC and R E V nC. This contradicts the assumption 
that C is connected. □ 



It follows directly from Proposition II . 71 that an extremal point of T is also 
extremal (in the analogous sense) in T°^^. In particular we can extend the 
notion of the interior tree to T°^^, and obtain: 

Remark 1.8. The interior trees associated to T and to T°^^ are the same 
(as subsets). 

o 

We now observe that in T centers as well as segments have a very straight- 
forward characterization in terms of directions. 

Lemma 1.9. (a) A point Z G T is the center of three not necessarily distinct 

o 

points Pi, P2, P3 E T if and only if for any i ^ j the points Pi and Pj are not 
contained in the same connected component o/T \ {Z}. 

^ o 

(b) A point R E T belongs to a segment [P, Q] d T if and only if R is the 
center of the triple P, Q, R. □ 

The lemma, together with Proposition 11.71 gives directly: 

Proposition 1.10. Let Tq and Ti be two M-trees, and assume that there is a 
homeomorphism f : Tq"'"' — > T°^^ between the two associated observers' trees. 
Then one has: 

o 

(a) The center of any three points in Tq is mapped by f to the center of the 

o 

image points in Ti. 

o o 

(b) Any segment [P,Q] in Tq is mapped to the segment [f{P),f{Q)] in Ti. 
□ 

Let (Pn)neN be a sequence of points in T, and for some base point Q E T 
consider the set Im = f] [Q^ ^n] C T. We note that Im is a segment 

n>m, 

Im = [Q, Rm] for some point Rm E T, and that Im C Im+i for all m G N. 
Hence there is a well defined limit point P = lim Rm (with respect to 

the metric topology, and thus as well with respect to the weaker observers' 
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topology), called the inferior limit from Q of the sequence (-Pn)neN, which we 
denote by P = limmfg P„. Alternatively, P is characterized by: 



m=0 n>m 

It is important to notice that, without further restrictions, the inferior 
limit P from some point Q of the sequence {Pn)n€N is always contained in 
the closure of the convex hull of the Pn, but its precise location does in fact 
depend on the choice of the base point Q. However, one obtains directly 
from the definition: 

Lemma 1.11. Let (Pfc)fcGN be a sequence of points on T"''^, and let D be any 
direction ofT. Then one has: 

(a) If all Pfc are contained in D, then for any Q G T°^^ the inferior limit 
liminf^Pfc is contained in the closure D of D. 

fc— >oo 

(b) If for some Q G T°^^ the limit inferior liminf^ P^ is contained in D, then 
infinitely many of the P^ are contained in D as well. 

(c) //liminfg P^ lies in D and if the point Q is not contained in D, then all 

fc— >oo 

of the Pk will eventually be contained in D as well. □ 

Lemma 1.12. // a sequence of points Pn converges in T°^^ to some limit 
point P e T"^*, then for any Q & T one has: 

P = liminfg P„ 

n— >oo 

Proof. From the definition of the topology of T°^^ it follows that any direction 
D in T°^^ that contains the limit P will contain all of the P„ with n sufficiently 
large. From Lemma 11.111 (a) it follows that for any Q G T°^^ the point 
R = liminlg P„ is contained in the closure D, which proves the claim. □ 

n^oo 

We conclude this section with the following observation, which will be 
used in section 2, but may also be of independent interest. Note that, since 
any metric space which contains a countable dense subset is separable, any R- 
tree T with an action of a finitely generated group by isometrics is separable, 
if T is minimal or has dense orbits (see Remark 12. ip . 
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Proposition 1.13. T"''* is Hausdorff. Moreover, ifT is separable, thenT"''^ 
is separable and compact. 

Proof. It follows directly from the definition that T°^^ is Hausdorff. Assume 
now that T is separable. It thus contains a countable dense subset xo, and 
hence also a countable subset x with the property that x intersects all non- 
trivial geodesies of T: Such a x is given for example as the set of midpoints 
of any pair from Xo x Xo- 

We consider the set of all directions of the form divp{Q) with P,Q & x^ 
and their finite intersections. It is not hard to see that this is a countable set 
which is an open neighborhood basis for the topology of T°^^. 

We now prove that in this case T°^^ is compact. Let (Pn)neN be a sequence 
of points in T°^^ and let (Dj)igN be a countable family of directions that 
generates the open sets of T°^^. By extracting a subsequence of (P„)„gN we 
can assume that for each direction Di the sequence (P„)„gN is eventually 
inside or outside of Dt. We now fix some point Q G T°^^ and consider the 
limit inferior P = lim inf qP„ from Q. It follows from Lemma [1.111 (b) that 

?i— >oo 

every direction Di that contains P must contain infinitely many of the P„, 
and hence, by our above extraction, all but finitely many of them. This 
means that the sequence {Pn)neN converges in T°^^ to P. □ 

2 The map Q and the observers' topology 

From now on let T be an M-tree with a very small minimal action of a free 
group Fn by isometrics, and assume that some (and hence any) PAr-orbit of 
points is dense in T. 

Remark 2.1. An (action on an) M-tree is minimal if there is no proper 
invariant subtree. The "minimal" hypothesis is very natural as every R-tree 

o 

in CVat is minimal. A minimal tree T is equal to its interior T. Note also 
that the interior of a tree with dense orbits is minimal. 

For such trees there is a canonical map Q : dF^ — > T which has been 
defined in several equivalent ways in |LL03[[LL04| . Here we use the following 
definition, which emphasizes the link with the observers' topology. 
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Remark 2.2 ( |LL03l [LL04 ]). For all X in c^F^v, for any sequence (wi)jGN in 
Fat which converges to X and for any point P of T, the point 



Q{X) = liminfp WiP G f 

i— >oo 

is independent from the choice of the sequence {wi)i(zfq and from that of the 
point P. 

To get some intuition and familiarity with the map Q the reader is refered 
to |CHLII| . The following fact was pointed out to us by V. Guirardel: 

Proposition 2.3. The map Q : dFjsf — > T"''^ is continuous. 

Proof. We consider any family of elements X^ G dFj^ that converges to some 
X G dFN, with the property that the sequence of images Q{Xk) converges 
in T°^^ to some point Q G T°'^^ Since (9F/v and T°^^ are compact (see 
Proposition 11.131) . it suffices to show that for any such family one has Q = 
Q{X). We suppose this is false, and consider a point S in the interior of the 
segment [Q, Q(X)]. 

We then consider, for each of the X^, a sequence of elements Wkj G 
that converges (for j oo) to Xk. It follows from the definition of Q that 
for large k the point Q{Xk) must be contained in D = dirs'(Q). But then, by 
Remark 12.21 and Lemma 11.111 (c) , for large j and any P outside D the point 
WkjP must also be contained in D. Hence there exists a diagonal sequence 
u!k,j{k) which converges to X where all Wk,j{k)P are contained in D. But then 
Remark 12.21 and Lemma 11.111 (a) implies that Q{X) is contained in D, a 
contradiction. □ 

Clearly, the map Q is F/v-equivariant. Moreover, for the convenience of 
the reader, we include a (new) proof of the following result. 

Proposition 2.4 ( |LL03| ). The map Q : dF^ T"*** is surjective. 

Proof. By the previous proposition, the image of Q is a compact F/v-invariant 
subset of T°*^^ By hypothesis, F/v-orbits are dense in T for the metric 
topology. This implies that F/v-orbits are dense in the metric completion 
T. Therefore, F/y-orbits are dense in T for the weaker observers' topology 
and the F/y-orbit of any point in T is dense in T"^^. It only remains to prove 
that the image of Q contains a point in T. This is an easy consequence of 
the fact that the action of F/v is not discrete. □ 
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Consider the double boundary d'^Fj^ = dFj^ x dFj^ \ A, where A stands 
for the diagonal. It inherits canonically from dFjsi a topology, an action of 
Fat, and an involution (called flip) which exchanges the left and the right 
factor. For more details see |CHLI| . where the following objects have been 
defined and studied. 

Definition 2.5. A non-empty subset of 9^F/v is an algebraic lamination 
if its closed, FAr-invariant and invariant under the flip involution. 

In [CHLII ] for any M-tree T with isometric FAr-action the dual algebraic 
lamination F^iT) has been defined as the set of all accumulation points of 
any family of conjugacy classes with translation length on T that tends to 
0. If the F/v-orbits are dense in T, then it is proven in |CHLII| that F^{T) is 
given alternatively by: 

L\T) = {{X,X') G d^F^ I Q(X) = Q(X')} 

Here we focus on the equivalence relation on 9F/v whose classes are fibers of 
Q, and we denote by dFj^/ L'^(T) the quotient set. The quotient topology 
on dF^ / F^iT) is the finest topology such that the natural projection tt : 
(9F/V — * dF]^ / F^iT) is continuous. The map Q splits over vr, thus inducing a 
map if : dF^ / F^{T) — > T°^^ with Q = o tt, as represented in the following 
diagram: 

dF^ 




Q OFn/L^T) 




By definition of dFjq j F^iT) and by the surjectivity of Q, the map is a 
bijection. The maps Q and vr are continuous, and, by virtue of the quotient 
topology, so is if. As T°^^ is Hausdorff and ip is continuous, dF]^ / F^{T) must 
also be Hausdorff. Since vr is onto and continuous, and 9F/v is compact, it 
follows that OFn / L?'{T) is compact. Now (^9 is a continuous surjective map 
whose domain is a compact Hausdorff space, which shows: 

Corollary 2.6. The map : dFj^ / F^iT) — > T°^^ is a homeomorphism. □ 
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This shows that T°^^ is completely determined by the dual algebraic lam- 
ination L'^iT) of the M-tree T. As the above defined maps vr, ip and Q are all 
-FAT-equivariant, we obtain: 

Proposition 2.7. Let Tq and Ti be two M-trees with very small actions 
of Fn, with dense orbits. If L^{To) = L^{Ti), then f°^' and ff' are Fn- 
equivariantly homeomorphic. This homeomorphism commutes with the canon- 
ical maps Qo : OFn and Qi : dF^ ff': 



dF^/L\T) 




'J^obs T^ofes 

□ 

Proof of Theorem I. The statement of Proposition 12.71 gives directly the im- 
plication from (1) to (2) in Theorem I of the Introduction, and, in fact, it 
seems slightly stronger. However, it follows directly from the definition of 
the map Q and Remark 12.21 that any FAr-equivariant homeomorphism as in 
Proposition 12.71 also satisfies the corresponding commutative diagram. In 
particular, the converse implication from (2) to (1) in Theorem I is then a 
direct consequence of Corollary 12.61 

The last part of Theorem I follows from the fact that Tq and Ti are equal 
to their interior (see Remark 12. ip . □ 



3 The proof of Theorem II 

Let To and Ti be two M-trees with very small F/v-actions with dense orbits, 
and assume that T^(To) = L^(Ti). Then by Proposition 12.71 the associated 
observers' trees Tq^^ and Tf°^ are F/v-equivariantly homeomorphic. 

Through the homeomorphism we identify Tq^^ and Tf°^. This set is 
equipped with three topologies (the two metric topologies and the observers' 
topology). In section [T] we have proved that they all have the same connected 

o 

subsets. In particular, they have the same interior tree T (see Remark [l.Sp . 

o 

which is also the interior tree of Tq and of Ti. On this interior tree T both, 
the metric from Tq and the metric di from Ti, are well defined (and finite). 
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Since any non-negative linear combination of two metrics on the same 
space defines a new metric on this space, we can define, for any A in [0, 1], 
the distance 

dx = Xdi + (1 - X)do 

o o o 

on T, to obtain a metric space T^. It is immediate that Fn acts on Tx by 
isometrics. 

o 

Proposition 3.1. For any X G [0, 1] the metric space Tx is a an M-tree. 

Proof. By Proposition ll.lOl (a) the center of any triple of points with respect 
to do is also the center with respect to di. By Lemma fT73l the three Gromov 

o 

products of any triple of points P,Q,R G T with respect to a fourth point 

o 

W E T are either all three equal for both, do and di, or else the maximal 
one comes from the same pair for both metrics, and hence the other two 
pairs have identical Gromov product with respect do and di, by Definition 
ll.li In both cases the inequality from Definition 11.11 follows directly for dx, 

o 

so that Tx is 0-hyperbolic. Furthermore, Proposition 11.101 (b) assures us 

o o o 

that in T, and hence in any Tx, for any two points P,QgT there is a well 
defined segment [P, Q] which agrees with the segment coming from Tq as well 
with that from Ti. By Remark 11.51 the topology on such a segment is the 

o 

same for the three topologies carried by T, and hence it also agrees with 
the topology given by any of the Tx- Thus the c?A-metric gives an isometry 

o 

of this segment to the interval [0,dx{P,Q)] C M. This shows that Tx is a 
0-hyperbolic geodesic space, i.e. an M-tree. □ 

Proof of Theorem II. Notice first that the assumption in Theorem II, that 
both trees Tq and Ti are minimal, implies that both agree with their interior 
subtree (compare Remark [2TTi ) . and hence both can be identified canonically 

o 

with T as above. We now apply Proposition 13.11 and observe that a linear 

o 

combination of the two metrics do and di on T implies directly that the 
corresponding translation length functions are given by the analogous linear 
combination. This establishes statement (3) from Theorem II as a direct 
consequence. □ 
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